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1. Introduction

The Frenet—Serret and Bishop frames [1] are two popular intrinsic curve-framing techniques. Their limita-
tions in representing practical problems and their uniqueness criterion made us propose a system-dependent
material frame [2], useful for considering practical problems like computer graphics, path-estimation, shape-
sensing [3], etc. With appropriate restrictions and constraints, any frame may be obtained from the general
material frame (refer to Section 4 of [2]). In this paper, we focus our attention on the curvature of the
material frame and its derivatives.

Among the numerous practical applications of framed space curves, extensive research in the area of
geometrically-exact beams subjected to large deformation and finite strains have been done in past (see [4—7]
and the references therein). Seminal contributions have been made tackling theoretical and computational
techniques associated with modeling and solving for geometrically exact beams, e.g., problems related to
interpolation and discretization techniques (see [8]), composite beams (see [9]) and variational principles
(see [10,11]). We were presented the need to compute higher-order derivatives of curvature while investigating
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our own higher-order, geometrically-exact beam/rod theory. The kinematics of beam/rods under arbitrarily-
large deformations defined in Chadha and Todd [12] renders the deformation map not only to be a function
of curvature, but also a function of its higher-order derivatives. Numerical solution of such problems
(e.g., through finite difference or finite element analysis) requires updating these kinematic quantities.
Secondly, in the problems concerning the path-estimation and dynamics of geometrically-exact beams,
angular velocity and acceleration become important. Geometrically, angular velocity and the curvature
tensor belong to same space in the theory of rotational Lie group. In such problems, derivatives of the
curvature tensor (or angular velocity tensor) gain importance.

We conclude this introduction with a note on notation and definitions. The n dimensional Euclidean space
is represented by R™. The space of real numbers and integers is denoted by R and Z, with Rt and ZT giving
the set of positive real numbers and integers (including 0) respectively. The dot product, ordinary vector
product and tensor product of two Euclidean vectors v1 and vs are defined as vy - vs, v1 X V9, and v1 ® v,
respectively. The Euclidean norm is represented by ||.|| or the un-bolded version of the symbol (for example,
||lv|| = v). The n-th order partial derivative with respect to a scalar quantity, £ for instance, is given by the

operator 8?. For n,i € Z* and n > i > 0, the binomial coefficient is defined as CI" = y(nnilz)l

2. Framed space curves
2.1. Finite rotation

A framed space curve, parameterized by the arc-length ¢ € [0, L], is defined by the position vector
»(&) € R? and the orthonormal material frame field {d;(£)} calibrated with respect to fixed orthonormal
reference frame {E;} such that we may define the orthogonal rotation tensor Q(&) as:

di(€) =Q(§).Ei; Q&) = Z di(¢) ® E;. (1)

Finite rotations are represented by an element of a non-linear compact proper-orthogonal Lie group SO(3)
that has a linear skew-symmetric matrix as its Lie algebra so(3), defined as

SO@3) :={Q:R®* —R?* Q7Q = I3, and detQ = 1}; (2a)

50(3) == {6 : R* — R?| 0 is linear, and 0 + o' — 03}. (2b)

In the equation above, 03 represents the 3 x 3 zero matrix, whereas Is = Z?,j:l 0;;E; ® E; is the identity
tensor with respect to which the director frame field is calibrated. The anti-symmetric tensor 6 € so(3) is
equivalent to the associated azial vector @ € R3 in the sense that for any vector v € R3, we have 0.v=0xwv.
Therefore, there exists an isomorphism between R? and so(3). From here on, any matrix quantity with a
hat (7) represents an anti-symmetric matrix. We define the Lie-bracket of two anti-symmetric matrices as
[,.] : s0(3) x so(3) — R3, such that for any a,b € so(3) with corresponding axial vectors a,b € R?,

respectively, and any vector v € R3, we have
[a, B} = (a.b - b.a); (3a)
[d, 5} w=(axb)xw. (3b)

The definition of SO(3) in Eq. (2a) allows rotation tensor to be parameterized by a rotation vector 8 € R3
(with corresponding anti-symmetric matrix 8 € so(3) and the norm [|@]| = ). This is attained by means of
exponential map exp : so(3) — SO(3) such that

sinf 1—cosf) .2 o' -
Qo) =1+ 2 94 ¢ 50)4 =3 = =exp(d). (4)

0 02 — !
>0
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2.2. Curvature: Material and spatial form

Curvature tensor defines local change of the triad. We have
Oed; = 0:Q.E; = 9:Q.Q" .d; = k.d;. (5)

Here, & = 3§Q.QT gives the curvature tensor. It is an anti-symmetric matrix with the corresponding axial
vector k = R;d;, known as the curvature vector. We define TgSO(3) as the tangent plane of a non-linear
S0O(3) manifold, such that 0:Q = £.Q € TgSO(3). If rotation tensor Q is parameterized by rotation vector
0, using Egs. (1) and (5), we obtain the following expression of the curvature tensor & as

i = Deexp().exp(—0) = (Slge> 9:0 + (1_C°S‘Q> [é,ag@)} +(0-0¢0) (9_5”19> . (6)

02 03
From the expression above and the definition of Lie brackets in Eq. (3), the relationship between the
curvature vector k and the vector 00 can be deduced as

To

sin 0 1—cosf\ 4 0 —sin 6
nz(( 7 >Ig+<92)0+<03>0®0> .0:0 = Tg.0:0. (7)

We define the material curvature tensor as & = QT .£.Q = QTﬁgQ € so0(3) obtained by parallel transport
of £.Q from TgSO(3) — so(3). From Eq. (1), Q represents the finite rotation, while K gives an infinitesimal
rotation with respect to the calibrating frame (fixed reference frame) {E;}, and QK = k.Q represents
an infinitesimal rotation with respect to the {d;} frame. In the physical context of rotation, the tangent

vector Q.K and k.Q performs an infinitesimal rotation with respect to {d;} frame, but the quantity QK is
obtained by a left translation of & € s0(3) to Q.K € ToSO(3). Moreover, k.Q represents the superimposition
of infinitesimal rotation contributed by & onto the finite rotation due to @ (this is also called the right
translation of & € so(3) to the tangent vector K.Q € TgSO(3)). The former kind of tangent vector fields
are known as left-invariant and the latter as right-invariant fields.

2.3. Material and spatial quantities and their derivatives

As we have defined the material and spatial forms of the curvature vector (and tensor), it is rather useful
to define a vector v € R? in its material and spatial form. Consider spatial and material representations of
a vector, v = U;d; and v = U, E; respectively, such that v = Q.v. The derivative of these vectors is obtained
as -

8511 = 8551'.(11' +@-.8§di = 851) + K X v;
855 = 85@1E1 = QT.ég'U.
In the equation above, 551: defines the co-rotational derivative of spatial vector v. It essentially gives the
change in components of the vector v, provided the frame of reference is assumed to be fixed. Geometrically,
it is obtained by parallel-transport (left translation) of the vector J;.

Along similar lines, consider the spatial and material representations of the tensor A = Z? =1 Zij d;®d;
and A = Z?,j:l A;;E; ® E;j respectively, such that A = Q.A.Q". Realizing 0:Q = K.Q and (“)gQT =
—QT &, we have the following

(8)

0:A=QIAQT +9:QAQT +QAIQT =0:A+ kA Ak (9)

In the equation above, we define the co-rotational derivative of the tensor A as 55A = Q.@gZ.QT. Physically,
it gives the change in components of tensor A setting the reference frame constant. From here on, 51;()
represents the co-rotational derivative of any quantity (.) with respect to the variable z. We now present
some propositions describing higher order co-rotational derivatives.
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Proposition 1. For any vector v € R3, define the operator 35 such that 3?1) = R".v, where, for ezample
i3 = R.k.R. The n-th order co-rotational derivative 5? is then given by (0¢ — 55)" such that the order of

operations are not commutative (for example, 8555 # 5585) and 52 = (0¢ — 35)0 is an identity operator.

Proof. We prove Proposition 1 by using the principle of mathematical induction. Consider a vector v € R3,
assuming that 9fv = (0¢ — 0¢)"v, for n =1 and 2, we have

0t = 9¢ = (0 — Oe);

- N A N A 10
0F = (0¢ — 0¢)* = OF — 0¢ 0 — e + 0% .
such that
Dev = Oev — Dew = B — kv, (11a)
02 = 020 — 9c0cv — 0c0ev + OFv = OZv + (h.ke — Ogk).v — 2.0¢v. (11b)

We now prove that the equation set (11) may be derived using the definition of co-rotational derivative in
Eq. (8). Eq. (11a) is true by definition (refer to Eq. (8)). Taking the derivative of Eq. (11a) yields

DeOev = v — Och.v — R.Ogv (12)
We note from the definition of co-rotational derivative in Eq. (8) that
Dedev = 552'0 + ROev = 5?11 + k.(0v — Rov) = ggv + k.0:v — R.R.w. (13)
From Egs. (12) and (13), we have
Ofv = 0:0:v — R.0cv + R.hw = v + (R.R — Ock).v — 2R.0¢v. (14)

Expression obtained in (14) is same as (11b). We can continue the process explained above and realize that
for any n, 9 = (e — 0¢)(e — Je)™ V) = (e — J¢)". This completes the proof. [

Proposition 2. For any Ac s0(3) with the corresponding axial vector A € R3, the recurrence formula for
the n-th order co-rotational derivative 8?21 € s0(3) is given as

Of A =0pA—(1—6n0)> 0

-

1 ¢ [, 00V 4l (15)

2

Proof. From the definition of co-rotational derivatives and Lie-bracket in Eq. (9) and (3a) respectively, we
have

DA =0A—RkA+AR=0:A—[k A (16)
Since 82”21 € s0(3) for any m € Z*, the result above can be used to obtain the recurrence-relation for nth
order co-rotational derivative. For n € Z* — {0}, we have

e =0 () < [ 4] o o (2 ) < ) < [ A
—op A [a, 00V A] - 0 [0, 600 A] - -0 [ A] —opA -3 ol [, 000 A
i=1

(17)
We note that for n = 0 we have 5224 = 82]4 = A. Thus, the sum part in the equation above vanish for
n = 0, justifying the use of (1 — d,0) factor in Eq. (15). This completes the proof. O
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Proposition 2 can be extended for any tensor B as

An n i—1 ~ Aln—1 (n—1 A
OB =B~ (1-0,0)) 08 (RO B~ " BR) (18)
i=1

Proposition 3. For spatial vector and tensor v and B respectively, with corresponding material quantities
v and B, the n-th order co-rotational derivative O¢v and 9 B can be obtained by left-translation of the n-th
order derivative of the respective material quantities such that

v =Q.0fv (19a)
#B=Q.0'BQ". (19b)

Proof. This proposition can be easily proved using product rule on v = QT.v and B = QT.B.Q and
substituting for 85QT = —Q" .. The result obtained after such computations (say for n = 1,2,3) when
compared with the results obtained Proposition 1 and Eq. (18), proves the intended result. O

2.4. Variation and linearization of the rotation tensor

To obtain the virtual rotation tensor field, we superimpose an admissible variation field 5@ on the rotation
field Q. The varied configuration is then defined by Q. such that for e > 0, we have Q. = Q(0 + €/0) =
Q(ed).Q(0). We also note that it is advantageous, in regard to developing a curvature updating scheme in
Eulerian sense (refer to Section 4), to express the virtual rotation tensor by means of wirtual rotation vector
in current state dac (that is saying dé&.Q € TSO(3)) contrary to the variation of total rotation vector 50
(66 € so(3)). We arrive at the expression of varied rotation tensor as:

6Q = 0.Q.|=0 = 0. (exp(c36).cxp(8) ) |eco = (dcrexp(ed) exp() ) oo = 66.Q(0).  (20)

Here, d& represents the anti-symmetric matrix associated with the vector da. We note that Proposition 3
also holds for the variation and mix of derivatives and variation. Like the variation, we define the linearized

A

part of rotation tensor @, linearized at exp(@) in the direction of Aé&.Q € TgSO(3) as

AQ = 9.Q.|c—o with Q, = Q(¢Aa).Q(6). (21)

We observe that & and Aé& belongs to same tangent space in the sense that 0:Q = £.Q, AQ = A&.Q €
ToSO(3), whereas 9:0, AB € so(3). This observation along with the result in Eqs. (6) and (7) yields the
relationship between the vector A8 (or A8) and Aé& (or Aa) as

. sin 6 A 1—cosO\ 1o .~ A~ (0 —sinf\ ,
Aa = Tg.A8. (22Db)

3. On derivatives
3.1. Useful results on derivatives of Lie-bracket and higher-order product rule

Proposition 4. For any d,B € s0(3) with corresponding axial vectors a,b € R? respectively, the following
formula for derivative holds:
n n
or [a.b] =S cr ol Ma.0lb| =Y cr [oa, 00 b (23)
i=0

i
=0
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Proof. Using the definition of Lie-bracket in Eq. (3a), we have
Oc [a.b] = (9ca.b + a.0cb) — (9ch.a + bea) = [0ea,b] + [a, 0ch| . (24)
Higher-order derivatives of the Lie-bracket derived using the above result yields an expression given by

Eq. (23). The first and the second equality in (23) hold since C}* = C” . This completes the proof. [

The result above can be extended to obtain general product rule; from Eq. (24), we see that Lie-brackets
follow the chain rule just like the product of two scalars or a dot product except for the fact that Lie-brackets
are non-commutative. For instance, for scalar functions f(£) and a tensor A(£), we have

o8 (fA) = ZC’” oA = cha“fa<” VA (25)

1=0 =0

Proposition 5. For any a(§) € so(3), the following holds:

-ax
Im

o [a,0¢a] = > by [aéﬂ"a, agm‘j“)a] . (26)

Jj=0

where m, j, M by,; € L, such that the coefficients 37", and by,; are given as

) floor (L) if mEL ¢ 7+ (m2j+1>

maz _ s and by = Cf" = Ci iy =Cf' (| ——— . (27)

m m+1 e mA41 ’ mj J (m—j+1) J _

{2—1, ZfT€Z+ m=J m j+1
Proof. Using the result (23) of Proposition 4, we get,
Term 1
Term 0
—_—
Zcm [0a,00" V4| = ¢y [a, 00"V +ZC’” 0Pa,0" 7 a] . (29)

The terms in the expansion of Term I vanish when j = mTH Keeping that in mind, we note that the
expansion of Term I can be written in two possible ways: the first possibility is when j > mTH, and the

second option is considering j < mT“ In the first option, the coefficient of all the terms in the sum will
be negative, whereas, for second case, the coefficients will be positive. This owes to the anti-commutative
property of Lie-brackets. We consider the second case in our derivations.

We can further simplify Term 1. The total number of terms present in the expanded form of Term I is
less than m. This is because the terms with interchanged order of derivatives in Lie-bracket can be reduced

to one term. For instance:
o1 |0¢a, 0ta) + ez [0a,08a] = (1 — ) |0Fa, Oa) .

Thus, the maximum value of j is restricted by the fact that j < mTH and j € Z* — {0}. Combining these
two constraints yields max(j) = j2** given by Eq. (27). However, such a reduction or simplification of Term
1 changes the coefficient by which each term in the sum is weighed. The discussion presented so far may be

demonstrated, for example, for m = 4 as:

4
Term 1t = Y C} 04,00 7a| = 3 [0ca,0a] + 2 [02a, 0%a) = -3 [0}a, dca] - 2 [9}a, 024
j=1

jinax =2

a Q i P ) a a(5—7) A
= |0t - ol [oca 0fa) + 104 - Ol [9fa.0%a] = 3 (O~ Cluoyny) 90007 Va)].
j=1

(29)
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smax

For a general case, if j;n®* > 1, Term 1 can be written as:

< 7) A m—j+1) o
Term 1= by, [aé%,aé J )a} . (30)
j=1
The modified coefficient bn,; = (C7" —C(7, 1)) is defined in Eq. (27). From the second equality in Eq. (27),
we also note that b,,0 = CJ* = 1. Therefore, combining Term 0 and Term I proves the proposition. [

3.2. Derivatives of curvature tensor

The derivative of the curvature tensor may be obtained using Eq. (6) deploying a straightforward applica-
tion of the chain rule. However, deriving the expression of higher-order derivatives using Eq. (6) is cumber-
some because of the involvement of trigonometric functions. Instead, we realize that the reparametrization of
the rotation tensor by the Gibbs vector (the components of which are called as Gibbs or Rodriguez parameters
in the literature) yields the formula of curvature tensor that is beneficial in obtaining the derivative of
curvature tensor in the form of a single summation-formula. Consider a rotation tensor Q(8) = exp(8) €
SO(3). We define the Gibbs vector ¢ and the associated quantities as:

N tan (Q)

_ ) _ tan(§) _ _ AV 2 (0 2
d)_ 92 9, d)_TQa? ¢_||¢)H_tan (2)a ¢_2COS (2> . (31)

:7¢2+1

The result defined in Eq. (4) may be manipulated using the definition given above as:

Q(¢) =I5+ p(d+ &) (32)

With this reparametrized form of rotation tensor, the curvature tensor can then be obtained in a much
simpler form as:

7= 0:Q.Q" = (9:d+[.0:4]) (33)

Proposition 6. The n-th order derivative of curvature tensor is given by:

-Taxr

n (n—i)
k=3 Cro08 | o ht S by [0V d,00 G (34)
=0

Jj=0

where, n, i,j,j(’zafi), C}' bn—i)j € ZT. Replacing m — (n — 1) in (27) yields j(’fl‘fci), and b(n_g); -
Proof. We utilize Eq. (25) and the expression of curvature tensor in Eq. (33) and obtain
opi = f: Crol5. (087 (9ch + 9,00 ) ) = f: Crols. (9 Vg0l [d,0ch))  (35)
i=0 1=0
Using Proposition 5 and replacing m — (n — i), we obtain the expression of Bg("_i) [(2), 85(35}, which when
substituted in (35) arrives at the intended result. O

Corollary 1. The following holds:
n—1 n—1i—1
PR =R = (1= 000) D OV [R, 00 VR] = 0k — (1= 6,0) > Y- O [0k, 00 IO VR
i=1 i=1 j=0
(36a)
Ok =Q" .0t k.Q (36b)
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Proof. This corollary follows from Propositions 2-4. We also note that in the sums presented above,

max(i) = (n — 1), because [1%752"_%%} =0;. O
(n=1)

4. Updating the curvature and its derivatives

In this section, we shall address the situation where the space curve is evolving in discrete time, such that
the transformed curve is also parameterized spatially by £. At time ¢, let the initial rotation tensor field be
Q&) = Q;(&) € SO(3) and in the next time step (¢t + 1), the updated (or final) rotation tensor field is
Q& t+1) = Q&) € SO(3). We assume Eulerian updating of rotation tensor field, i.e. the change in rotation
tensor field from discrete time step ¢ to (¢ 4+ 1) is given by an incremental current rotation vector field Ac,
such that A&.Q; € Tq,SO(3). We are given the derivative fields 9y Aa (or Of A&) and 97'Q; up to order
n. The question posed is thus: “How do we obtain the updated curvature tensor, its spatial, material and
co-rotational derivatives up to order (n — 1)?”. To proceed, we first present the updated rotation tensor as

Q¢ = exp(A&).Q; = Q.Q; where, Q, = exp(A&). (37)

We define the curvature corresponding to incremental current rotation vector Aa and the transport operator
Tq as:

Ry = Ocexp(Ad).exp(—A&) = 0:Q. .Q7;

N N N 38
TolA] = Q.A.QT € 50(3), ¥V Q€ SO(3),A < s0(3). (38)
Proposition 7. The nth order derivative of the transport operator Tg [A] is given by
n n—=k
n “s n A n—k—1 k—1) %
D TQlA] = TQor Al + (1-6.0) > S "™ [ R Sl P ) >A]]. (39)
k=1 i=0

Proof. Consider

9 TqlA] = Q.0:A.Q" + £.Tq[A] — Tq[A].& = Tq[0:A] + [£, Tq[A]]. (40)

Using the above result along with Proposition 4, for n > 1, we have

(n—1)
P TQ[A] =00 V. (Tq[0c A + [, To[A])) = 6" VTq0eA] + Y Ci" Y [ag%ag"**”ﬂrQ[Aﬂ
1=0
(n-2) _ _ (n=1) _ _
=" P qloz a1+ Y it [aé%, aé"*Q*Z)TQ[agA]} + Yoy [ag%, aé"*H)TQ[A}}
i=0 i=0
(n—1) (n—2) _ )
_TQ[aE ( Z C n—1) |:8(z) N 8(n 1— L)T [A}i| Z Ci('n.72) |:a§z)k78§n7277,)TQ[8§A]i| +
=0 =0
0 n n—k
30 [ ol ] ) =Tl A+ 3 o T
=0 k=1 =0

(41)
Since the sum in Eq. (39) vanishes at n = 0, the factor (1 — §,) is justified. O

Proposition 8. Let k; = agQi.QiT and Ry = ang.Q? denote the curvature field corresponding to the
initial and final configurations respectively. The updated curvature tensor and its derivatives are given by the
recurrence-formula
n n—=k
k —k—i k—1) 4
0p k= Ok + Ta 08k + (1= 8,0) 3 "0 [0y, 0T, [0 VR (42)

k=1 i=
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Proof. Using Egs. (37) and (38), we obtain updated curvature as:
Re=0¢(Q4.Q)-(Q1.Q)" = 9(Q)).QF + Q. ~i.QY = Ay +Tq_ [Ail. (43)
Substituting Eq. (39) obtained in Proposition 7 in 0g ke = Of ky + 9 Tq, [%#;] proves this proposition. O

The curvatures £ and their derivatives may be obtained using Proposition 6. Once the spatial curvature
and its derivatives are obtained, the material derivative and co-rotational derivative may be obtained using
Proposition 1 and Corollary 1.

5. Conclusion

In this paper, we primarily focused our attention on the curvature tensor and its derivatives associated
with any space curve framed by a general material frame. In addition to discussing the spatial and material
forms of the curvature tensor, we have investigated the higher-order derivatives and co-rotational derivatives
of these quantities. We have presented, for the first time to our knowledge, a closed-form formula for all
higher-order derivative of the spatial curvature tensor. Finally, a time-updating algorithm for curvature
(both spatial and material) and its derivatives (partial and co-rotational) was presented, which is particularly
useful in practical problems like finite element formulation of geometrically-exact beams among many other
applications.
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